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Influence of Mistiming on Rotor-Blade Vibrations
L. E. EL-BAYOUMY*

Consultants & Designers, Inc., East Hartford, Conn.
AND
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This analysis is aimed at determining the influence of blade mistiming on the vibratory stress levels of
turbine and compressor blades. A frequency response analysis for a given rotor configuration shows that a large
number of resonances may occur over a frequency band, the width of which is nearly 20% of the mean blade
frequency. The resonant amplitudes are a function of blade frequency and location on the rotor, and the
amount of damping present in the system. A parametric study is carried out to evaluate the response levels
due to engine order excitation, aerodynamic and mechanical damping, and blade frequency deviation. The
resulting mode shapes and frequencies are in good agreement with the experimental findings reported earlier in the
literature.
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Nomenclature

•- coefficients defined in Eqs. (11)

= coefficient of aerodynamic damping
= coefficient of mechanical damping
= amplitude of f(t)
-- dynamic force transmitted to the disk
= defined in Eq. (11)
= (^2 + 02)1/2

= defined in Eq. (11)
= blade stiffness
= blade mass
= number of blades mounted on the rotor
= engine order of excitation
= amplitude of exciting force
= exciting force
: defined in Eqs. (11)

(0>2 + £2)1/2

defined in Eqs. (11)
time variable
disk rim amplitude
disk rim displacement
blade amplitude
blade displacement
disk rim receptances (dynamic influence coefficients)
dimensionless receptances, defined in Eqs. (11)
damping factor
phase angle associated with exciting force
phase angle associated with disk displacement
phase angle associated with transmitted force
phase angle associated with blade displacement
frequency of excitation
blade bench frequency

Subscripts
k, I, m = blade number or location around the disk

Introduction

TO insure the safe operation of modern turbomachine units,
it has become essential to evaluate their response to vibratory

loading conditions. This entails determination of natural
frequencies and resonant amplitudes of the system. For bladed
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disks, it has been customary to assume that the blades of a
given rotor have identical frequencies. Results based on such
an assumption would indicate that under an excitation of a
given engine order, all blades experience the same vibratory
stress. However, experimental investigations1 ~3 have shown that
large variations could exist in stress amplitudes of the different
blades on the same rotor. Such variations may originate from
differences in blade frequencies commonly known as blade
mistuning. These differences are unavoidable in practice because
of machining tolerances and/or different end fixities. The problem
is basically similar to the classical "tuned absorber" pheno-
menon in which part of a system (the absorber) may be
resonating, while another part (the main system) may remain
stationary. This results in a situation in which some blades on
the rotor can experience stress amplitudes in excess of those for
a corresponding tuned system.

The vibratory behavior of a bladed disk is further complicated
by coupling between different blades on the same disk either
mechanically through the disk, shrouds, and any interblade
dampers, or aerodynamically through the airstream. The case of
aerodynamic coupling was treated by Whitehead,4 who modeled
the blades as a number of oscillators coupled only through
the aerodynamic forces. Other models, shown in Figs. 1 and 2,
were used by Wagner,1 and Dye and Henry,2 to simulate
mechanical coupling. The degree of predicted stress escalation
due to mistuning varied from one author to another—under-
standably, because of the different models used.

Fig. 1 Wagner's model.
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Fig. 2 Dye and Henry's model.

Ewins3 has noted that detuning in a bladed disk may cause
an n diametral mode to split into two modes with the same
number of nodal diameters but with slightly differing frequencies,
the difference being of the same order of magnitude as the
maximum deviation in blade frequencies. In comparing the
theoretically determined modes and frequencies for a 24-bladed
wheel with those measured experimentally, Ewins5 has shown
that qualitative agreement in terms of blade amplitude patterns
can be ascertained. The first four modes were recognized as the
two- and three-nodal diameter "double modes," and the remain-
ing modes did not possess any predominant diametral shape.
About 10% discrepancy between theory and experiment was
noted in the values of the first natural frequencies. It is probable
that numerical approximations in evaluating disk receptances
may have been responsible for much of this discrepancy. The
predicted frequencies of the lower modes for the disk alone
were over 20% off the experimental values.

The object of the present paper is to develop an alternate
model based on treating the disk as an axisymmetric plate of
variable thickness and by replacing each blade by a single-degree-
of-freedom oscillator. To represent the damping present in the
system, two dashpots are introduced, one connecting the blade
to ground simulating aerodynamic damping and the other
between the blade and the disk simulates mechanical damping.
The blades in Ref. 5 are modeled as cantilever beams whose
lengths vary according to the measured mistune distribution.
Because the exact origin of mistuning cannot always be
ascertained, a blade model consisting of a one degree-of-freedom
system with a generalized mass and a stiffness equivalent to
those of the actual blade may be adequate. Accurate values of

the receptances of the disk are evaluated by means of the
Myklestad approach. The 24-bladed rotor of Ref. 5 has been
chosen as the example for an in-depth study using the present
analysis. The actual measured distribution of blade frequencies,
presented in Ref. 5, is used, as well as a series of periodic
distributions in which the number of blades per pack is changed.
First the mode shapes and natural frequencies are determined,
then a frequency response analysis is carried out for various
engine orders. The influence of damping on the response levels
is evaluated by using appropriate values for the damping
coefficients.

Derivation of Governing Equations
Consider a typical blade station whose model representation

is shown in Fig. 3. Let 9k denote the angular position of the
blade, wk(i) the associated disk displacement, and yk(t) the
blade displacement. Then, we may write the governing equation
of motion as:

Mk yk+ Ck
ayk + Kk(yk-wk) + Ck

m(yk- wfc) = Pk(t) (1)
where

The steady-state solution of Eq. (1) may likewise be expressed
as follows:

•.Ykei(0*+^ (3)
Wkei(0*+<l>k) (4)

where \l/k and cj)k are the phase angles associated with yk and
wk and measured from the force acting on the reference blade.

Substitution of Eqs. (2-4) into Eq. (1) yields

/ c= l , 2 , . . ,N (5)
The phase angle cf)k associated with a fluctuating gas stream is
given by

(6)
where n is the engine order of excitation and N is the number
of blades. If the dynamic force transmitted to the disk by the
/cm blade is denoted by fk(t) = Fk exp i(cot+ %k), then the displace-
ment of the disk, as a sum of contribution of all forces, can be
stated as

(7)

In Eq. (7) afc/ denotes the amplitude at Station k of the disk,
due to a force of unit amplitude applied at Station /. The
coefficients ocfc/ are known as the dynamic influence coefficients,
or the receptances of the disk. They are functions of disk
geometry, material properties, boundary conditions, rotating
speed, frequency of excitation, and blade positions Ok and #/.

Since the force fk(t) is transmitted to the disk through the
spring Kk and the dashpot Ck

m it follows that
FkelK = (ioC^ + K^e^- Wke1^ (8)

Substituting Eqs. (7) and (8) and rearranging, we have

Equation (5) can be reduced now to a set of N complex
equations in the unknowns Fk and %k, k= 1,2, ..., A/". In terms
of dimensionless components .¥k and ^k of Fk the real and
imaginary parts of this set becomes

Myklestad's Plate Model
Section A-A

/= !

N

Fig. 3 Present model. (10)
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2520 Hz 2568 Hz FREQUENCY DISTRIBUTION
(MEASURED IN [5])

Fig. 4 Computed mode shapes for 24-bladed rotor with measured
frequency distribution.

where

bkl = -

cok
2 = Kk/Mk

*H (Ha)

'co (lib)
(He)
(lid)
(lie)
( l l f )
(Hg)
( l lh)
(iii)

^ = Ffcsinfo)/Fi (llj)
Once Eqs. (10) are solved for .¥k and f#k disk and blade
amplitudes and phase angles can be calculated from Eqs. (7)
and (9). In the particular case, when all blades are identical
and Pk's are all the same, it can be shown that

sin

= arctan

P flu cos (

(12)

(13)

(14)

Vibration Analysis of a Mistimed 24-Bladed Rotor
In this section, the response levels, natural frequencies, and

mode shapes are determined for the example problem having
primarily two different mistuning distributions: 1) a measured
distribution used in Ref. 5, and 2) a square periodic distribution
in which the pack size (a group of blades with identical
frequency) is varied. The results pertaining to the two distribu-
tions are described in the following:

Mistune Distribution as Measured by Evvins
This distribution is shown in Fig. 4. A comparison between

the natural frequencies computed with the present model with
those determined experimentally and analytically in Ref. 5 is
shown in Table 1. As can be seen from the table, the present
values are within 5% from the experimental results. The deter-
mined modes display the same features noted experimentally in
Ref. 5; i.e., the first few modes possess a predominant diametral
component while the rest are composed of several diametral
components. In the last few modes only a small number of
blades have noticable vibratory amplitudes.

Table 1 Natural frequencies of a 24-bladed rotor

Experimental
(Ref. 5)

2037
2067
2300
2313
2340
2343
2368

2382
2388
2391
2394
2429
2478

(Ref. 5)

1838.6
1847.8
2168.5
2178.7
2253.6
2271.7

2307.4
2318.2
2323.8
2342.1
2366.6
2388.5
2448.8

Analytical"
Present analysis

2168
2172
2286
2297
2405
2412
2433
2450

2470
2498
2485
2520
2568

a See corresponding mode shapes in Fig. 4.

The response of the given rotor to a 6EO (sixth engine
order) excitation is plotted in Fig. 5 for three blades whose
frequencies are the lowest, mean, and the highest. As can be
seen, all the modes of the rotor wheel are excited by 6EO
since a Fourier expansion of each mode would show a non-
zero sixth order component. The intensity of such component
varies in each mode as shown in Fig. 4 and is significantly
large for modes in the neighborhood of the resonant frequency
of the tuned rotor. It may be noted that the low-frequency
blades suffer the highest level of stressing at an excitation
frequency lower than the tuned rotor frequency and vice versa.

1000

6 E O
O BLADE 4 (MEAN FREQ.)
D JLADE 14 (MIN. FREQ.)
A BLADE 18 (MAX. FREQ.)

2000 2100 2200 2300 2400 2500 2600 2700

FREQUENCY OF EXCITATION - "(Hz)
Fig. 5 Frequency response of a 24-bladed rotor.
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2100 2200 2300 2400 2500 2600

FREQUENCY OF EXCITATION-Hz

Fig. 6 Upper envelopes of the response levels for 24-bladed rotor
with measured frequency distribution.

2000 2100 2200 2300 2400 '2500 2600

FREQUENCY OF EXCITATION ~ "(Hz)
Fig. 8 Influence of pack size on the response levels of 24-bladed

rotor with square distribution.

Blade 4, which has a bench frequency equal to the mean blade
frequency, suffers a maximum stress level near the tuned system
frequency. The tuned absorber behavior is well illustrated in
Fig. 5; i.e., while blade 14 may be resonating, blade 18 is almost
stationary.

As other engine orders may also be present in a general
excitation, a frequency response diagram is plotted in Fig. 6 for
engine orders 1, 3, and 6. In contrast to Fig. 5, the curves shown
in Fig. 6 do not represent a particular blade, but rather the
upper envelope of all blade responses for the given order of
excitation. The resonant peaks in any engine order are experienced
at the natural frequencies of the bladed rotor. This is significant
because in experimental investigation, it suffices to excite the
rotor in one engine order to obtain its resonant frequencies.
In comparison with the response levels of the tuned rotor,
drawn as dashed lines in Fig. 6, there is a marked difference
in the first engine order. It should be noted that while a tuned
wheel in 1EO does not suffer any resonances, the detuned
rotor goes through the same number of resonances as for higher
engine orders.

The influence of mechanical damping on the response levels
is illustrated in Fig. 7. The upper envelope and the response

100

= 0
= 0.01

UPPER ENVELOPE /

2000 2100 2200 2300 2400 2500 2600
FREQUENCY OF EXCITATION ~ « (Hz)

Fig. 7 Influence of mechanical damping on rotor response.

of the critically stressed blade (No. 10) are compared to the
response of the tuned wheel. Several observations are worth
noting: 1) There is a 48% of over stressing in the detuned
wheel. 2) Amplitudes at frequencies sufficiently far from the tuned
system frequency are considerably lower than the maximum
amplitude; 3) The frequency of the critically stressed blade (No.
10) does not represent the extreme mistune (see Fig. 4).
4) The resonant amplitudes of the detuned system are at least
equal to that of the tuned system within a band width of about
145 Hz (see Fig. 7). It may be noted that this band width
is of the same order of magnitude as the system mistune
(170 Hz). The influence of aerodynamic damping is very similar

Af = 40 Hz 4 BLADES/PACK

2172 Hz 2175 Hz

2421 Hz 2428 Hz

2443 Hz 2452 Hz

2475 Hz

Fig. 9 Computed mode shapes for 24-bladed rotor with square frequency
distribution.
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Fig. 10 Influence of blade location on response levels.

to that shown in Fig. 1 with an overstressing of 42% experienced
by the same blade.

Bladed Disk with a Periodic Square Mistune Distribution
(Packs of Different Sizes)

The arrangement of blades is shown in the insert to Fig. 8.
A study is made of the effect of varying the pack size on the
response to a 3E excitation. The results of these investigations
are presented in Figs. 8-10. For a pack size of two, Fig. 8
shows that resonances are confined to the region close to the
tuned wheel frequency, viz, 2438 Hz. However, as the size of the
pack is increased to four blades, additional resonances are
encountered at 2172 and 2175 Hz respectively. Analysis of the
mode shapes of the rotor with the latter distribution (see Fig. 9)
shows that these additional modes represent a splitting of a
predominantly 3-diametral mode which is eliminated when the
pack size is reduced in half. Although this example is far fetched
because it is unlikely that blades of an actual rotor can be split
into two discrete frequencies, it is shown that by rearranging
the blades, one can eliminate certain resonances. The remaining
modes of the analyzed rotor are characterized by periodic

amplitude distributions whose period is twice that of the
frequency distribution with no predominant diametral pattern.

To show that stress amplitudes are functions of both blade
frequency and blade location, the 3E response is plotted in
Fig. 10 for blades having a frequency of 2450 Hz. It may be
noted that the blades experience essentially the same amplitudes
at "off-resonance" frequencies and the blades equidistant from
the midpoint of the pack have identical responses, and that
amplitudes are extremely sensitive to excitation frequency
changes in the neighborhood of the resonance frequencies.

Conclusions
The following conclusions are drawn based on a detailed

study of the vibration analysis for the 24-bladed rotor with
given mistune distributions. 1) Frequencies and mode shapes
are in good agreement with the experimental results of Ref. 5.
2) Blades of a mistuned rotor appear to possess the same
number of resonances at nearly the same frequencies. The
latter are located in a band whose width depends upon the
rotor characteristics and the mistune distribution. For the
example studied here, the spread was calculated to be around
20% of the mean blade frequency (see Fig. 5). 3) Mistuning
can cause higher stresses than those calculated on the basis of
an ideally tuned rotor. The amount of overstressing depends
on the frequency distribution and the deviation of blade
frequencies from the mean value. 4) The blade experiencing
the maximum stress level is not necessarily that of worst
mistune. 5) Smooth mistune distributions do not necessarily
imply lower vibration stresses.
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